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We discuss Freund-Rubin compactification with a cosmological constant and the dilaton field, and
examine the stability of spacetime at low energy. Minkowski or de Sitter spacetime can be obtained
if the dilation field is turned off, but only anti-de Sitter spacetime is realized in the presence of
the dilaton field. The stability of spacetime depends on the dimensionality of spacetime and the
compactified space, and the coupling constant of the dilaton field a. In the a = 1 case, which
corresponds to superstring theories, the anti-de Sitter vacuum is stable at least in the linear level.
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Compactification from higher dimensions to four di-
mensions and stabilization of the compactified space is a
long-standing problem. It is well known that Freund-
Rubin (FR) compactification [1] naturally introduced
from supergravity gives us stable compact dimensions via
a balance between the form field and the curvature at
the classical level. Spacetime after compactification will
becomes anti-de Sitter (adS) spacetime. Recently the
realization of Mp × Sq, where Mp is the p-dimensional
Minkowski, de Sitter or adS spacetime, has been dis-
cussed, introducing an additional cosmological constant
to the total action [2,3]. The subject of stability has also
been addressed and some parameter windows open for
stable de Sitter or Minkowski as well as adS spacetimes.
This is an impressive result, although the new ingredient
is just the additional cosmological constant. We would
like to point out, however, that a stable background with
Minkowski or de Sitter spacetime is not permitted if the
(NS) dilaton coupling exists. It is only adS spacetime
that is permitted as the background solution. We briefly
address the stability of the obtained adS vacuum in what
follows.
We begin with the D (= p + q)-dimensional action in
the string frame:
S =
1
16π
∫
dp+qx
√
−G˜
[
e−2aΦ
(
R˜− 2Λ + 4∂MΦ∂MΦ
)
− 1
2q!
F 2q
]
, (1)
where Λ is a positive cosmological constant and Fq is the
q-form field. Φ is the (NS) dilaton field and we leave its
coupling constant a as a free parameter. Here we do not
ask about the origin of Λ.
It is convenient to transform the action to the Einstein
frame by the following conformal transformation
G˜MN = Ω
2GMN , Ω
2 = e4aΦ/(D−2). (2)
Then the action in the Einstein frame becomes
S =
1
16π
∫
dp+qx
√−G
[
R− 2eλcΨΛ− 1
2
∂MΨ∂
MΨ
− 1
2q!
eλqΨF 2q
]
, (3)
where
Ψ := µΦ, (4)
µ :=
√
8
[
(D − 1)a2
D − 2 − 1
]
, (5)
λc :=
4a
(D − 2)µ, (6)
λq :=
2a(p− q)
(D − 2)µ . (7)
In superstring theories, D = 10 and a = 1 and we find
µ = 1, λc = 1/2 and λq = (10 − 2q)/5 [4]. Note that
the coupling constant of the dilaton field must satisfy
a2 > (D − 2)/(D − 1).
We employ the following metric form
ds2 = gµν(x)dx
µdxν + e2φ(x)dΩ2q. (8)
Since φ does not depend on the internal coordinate, this
metric describes the homogeneous mode of the internal
space. In this case the form field equation gives the so-
lution
Fq = c ∗q 1, (9)
and the dilaton field equation becomes
∇µ∇µΨ+ q(∇µφ)(∇µΨ) = ∂V
∂Ψ
, (10)
where ∗q is the Hodge dual in the q-dimensional space
and the potential V is
V = 2eλcΨΛ +
c2
2
e−2qφeλqΨ. (11)
The D-dimensional Einstein equations become
1
Rµν =
1
2
∂µΨ∂νΨ
+
2
D − 2
[
eλcΨΛ− (q − 1)c
2
4
e−2qφeλqΨ
]
gµν ,
(12)
Rij =
2
D − 2
[
eλcΨΛ +
(p− 1)c2
4
e−2qφeλqΨ
]
gij .
(13)
When φ ≡ 0, which corresponds to FR compactifica-
tion with the additional cosmological constant [2,3], the
Einstein equations may giveMp×Mq whereMp is de Sit-
ter, Minkowski or adS spacetime and Mq is sphere, flat
space or hyperboloid, depending on the values of Λ and
c. Let us find the background solution. Before discussing
the dilatonic case, we briefly summarize the non-dilatonic
case for comparison.
The non-dilatonic case is realized by imposing Ψ ≡ 0
and λc = λq = 0. The Einstein equations (12) and (13)
become
(p)Rµν =
c2
2(D − 2)(f − fp)gµν , (14)
(q)Rij =
c2
2(D − 2)(f − fq)gij , (15)
where (p)Rµν and
(q)Rij are p- and q-dimensional Ricci
curvature, respectively, and f = 4Λ/c2, fp = q − 1
and fq = 1 − p. Depending on the value of f , the
p-dimensional spacetime becomes de Sitter (f > fp),
Minkowski (f = fp) or adS (f < fp) spacetime. The adS
case includes Λ = 0, which corresponds to the original
FR solution [1]. On the other hand, the q-dimensional
space becomes Sq (f > fq), R
q (f = fq) andH
q (f < fq).
Hence the q-dimensional space is no longer compact with-
out compactification by suitable identifications in the lat-
ter two cases. See Ref. [3] for the stability analysis.
In the dilatonic case, the parameter regions of λc and
λq where stationary points of the potential function (11)
exist are restricted. When Λ > 0, the constant dilaton
field is realized for λcλq < 0, which implies that p < q.
The value of the dilaton field is
Ψ ≡ Ψc := 1
λc − λq ln
∣∣∣∣ c2λq4λcΛ
∣∣∣∣
=
1
λc − λq ln
∣∣∣∣ (p− q)c28Λ
∣∣∣∣ . (16)
This point is the minimum of the potential, independent
of the parameters.
When Λ = 0, λq = 0 (i.e. p = q) gives the constant
dilaton field. In this case, the dilaton field is regarded as
a massless scalar field with the flat potential V ≡ c2/2.
Hence it takes an arbitrary constant value.
When Λ < 0, the solution with a constant dilaton field
exists only when λcλq > 0, which implies that p > q
except for p− q = 2. The value of the dilaton field is also
given by Eq. (16). For p− q = 1, the stationary point Ψc
is the local maximum, while it is the local minimum for
p− q > 2.
The Einstein equations (12) and (13) become
Rµν = −p− 1
ℓ2p
gµν , (17)
Rij =
q − 1
ℓ2q
gij , (18)
where the curvature radii are given by
p− 1
ℓ2p
=
q − 1
ℓ2q
=
1
4
c2eλqΨc
=


c2
4
∣∣∣ (p−q)c28Λ ∣∣∣−
p−q
p−q−2
(p 6= q),
c2
4 (p = q)
(19)
Hence the background p-dimensional spacetime is always
adS and the q-dimensional space is sphere independently
of the cosmological constant. It should also be noted
that existence of the solution depends on the sign of the
cosmological constant and dimensions p and q. These are
direct effects of including the dilaton field.
Before we proceed to the stability analysis of the
FR type solutions obtained above, we derive the p-
dimensional effective theory to address their stability.
The D-dimensional action (3) is reduced to the p-
dimensional action as
S =
1
16π
∫
dpx
√−geqφ
[
(p)R+
q(q − 1)
ℓ2q
e−2φ
−1
2
DµΨD
µΨ+ q(q − 1)DµφDµφ
−2eλcΨΛ− c
2
2
eλqΨe−2qφ
]
. (20)
Here we have used
(q)R =
q(q − 1)
ℓ2q
, (21)
and the assumption that φ is the homogeneous mode. It
is derived from the form field equation d(eλqΨ ∗ F ) = 0
that a homogeneous perturbation of the form field de-
couples from other fluctuations, while it couples for in-
homogeneous modes [3].
We again perform the conformal translation to put the
action into canonical form:
g¯µν = e
2q
p−2
φgµν . (22)
Then we have the p-dimensional effective action
2
S =
1
16π
∫
dpx
√−g¯
[
(p)R¯− 1
2
DµΨD
µΨ
−q(D − 2)
p− 2 DµφD
µφ− U(Ψ, φ)
]
, (23)
where the potential is
U(Ψ, φ) = e−
2q
p−2
φ
×
[
−q(q − 1)
ℓ2q
e−2φ + 2eλcΨΛ +
c2
2
eλqΨe−2qφ
]
. (24)
From now on we investigate the stability of the FR-
type solutions. We showed that the p-dimensional back-
ground spacetime is always adS. It should be noted that
the adS spacetime can be stable for some cases even in
the presence of a tachyonic scalar field. We start from
the positive mass theorem in adS spacetime [5,6].
Let us begin with the derivation of Breitenlohner and
Freedman’s stability condition using the positive energy
theorem. If the potential of the scalar fields can be writ-
ten in the form
U = 2(p− 2)2GXY δW
δΦX
δW
δΦY
− 2(p− 1)(p− 2)W 2,
(25)
the positivity of the total energy is guaranteed in the Ein-
stein frame [5]. Indeed, the total energy can be expressed
as
MAD =
∫
Σ
dp−1x
[
2|Dˆǫ|2 +
∑
X
|δλ(X)|2
]
, (26)
where Σ is the asymptotically AdSp space-like hypersur-
face, Dˆµ := Dµ + iW (Φ)γµ with the spinor covariant
derivative Dµ, and ǫ is the spinor satisfying the Witten
equation,†
∑p−1
a=1 γ
aDˆaǫ = 0. The spinor δλ
(X) is defined
by
δλ(X) :=
1√
2
[
if
(X)
Y γ
µ∂µΦ
Y + 2(p− 2)f (X)Y δW
δΦY
]
ǫ,
(27)
where f
(X)
Y is such that
GXY =:
∑
Z
f
(Z)
X f
(Z)
Y (28)
holds, which can be thought of as the orthonormal basis
of the target space.
In the perturbative approach, we expand U and W as
†The existence of this solution should be able to be confirmed
by methods similar to those in Ref. [7]
U = U0 +
1
2
∑
X
m2X(φ¯
X)2, (29)
W =W0 +
∑
X
WX1 φ¯
X +
1
2
∑
X
(WX2 )
2(φ¯X)2. (30)
Here we have diagonalized the target space metric. From
the zeroth order equation of Eq. (25), we find
W 20 =
1
2ℓ2p
, (31)
WX1 = 0. (32)
Here we have used U0 = −(p− 1)(p− 2)/ℓ2p. The second
order equation gives∑
X
[
4(p− 2)2(WX2 )2 − 2(p− 1)(p− 2)W0WX2
−1
2
m2X
]
(φ¯X)2 = 0. (33)
The condition that a real root of WX2 exists is
(p− 1)2(p− 2)2W 20 + 2(p− 2)2m2X ≥ 0, (34)
which is rewritten in the form
m2Xℓ
2
p ≥ −
(p− 1)2
4
. (35)
This is just the stability bound obtained by Breitenlohner
and Friedmann in 4-dimensional adS spacetime [8] and
extended to general dimension in [9,10,5].
The potential (24) is expanded around the background
solution φ = 0, Ψ = Ψc as
U(Ψ, φ¯) = U(Ψc, 0) +
1
2
m2Ψ(Ψ −Ψc)2
+m2(Ψ−Ψc)φ¯+ 1
2
m2φ¯φ¯
2, (36)
where
m2Ψ =
p− q − 2
2(p− q) λ
2
qc
2eλqΨc , (37)
m2φ¯ =
1
2(D − 2) [(2q − 1)(p− 2) + q] c
2eλqΨc , (38)
m2 = −
√
q(p− 2)
2(D − 2)λqc
2eλqΨc . (39)
We can observe that
m2Ψ = m
2 = 0, m2φ¯ =
p− 1
2
c2, (40)
for p = q.
The linear perturbation equation is
DµD
µ
(
Ψ
φ¯
)
=M
(
Ψ
φ¯
)
, (41)
3
where the mass matrix is
M =
(
m2Ψ m
2
m2 m2
φ¯
)
. (42)
This equation is diagonalized as
DµD
µχ± = m
2
±χ±, (43)
where
m2± =
eλqΨcc2
2
[
B ±
√
B2 +
D − 2
p− q λ
2
q
]
, (44)
A = (2q − 1)(p− 2) + q > q, (45)
B =
1
2
[
p− q − 2
p− q λ
2
q +
A
(D − 2)
]
. (46)
In the present case, the stability bound (35) is ex-
pressed as
F1(p, q, a) :=
p− 1
2
+B −
√
B2 +
D − 2
p− q λ
2
q ≥ 0. (47)
It should be empasized that this condition is indepen-
dent of the cosmological constant Λ. This is in contrast
with the non-dilatonic case where the criterion strongly
depends on Λ [3].
Since our model has three parameter p, q and a, it is
difficult to express the condition for stability explicitly in
the general case. So let us focus on some specific cases.
Since the perturbation equation (43) has always one
tachyonic mode for p > q (Λ < 0, λcλq > 0), the back-
ground solution corresponds to the saddle point of the
potential. On the other hand, for p ≤ q (λcλq ≤ 0), B is
positive semidefinite andm2± ≥ 0. Hence the adS vacuum
is stable independently of the dilaton coupling constant
in this case. When we consider higher-dimensional the-
ories with D ≥ 10, such as superstring/M theories, our
result shows that Freund-Rubin compactification gives us
stable 4- or 5-dimensional spacetime.
One might be interested in the case a = 1. In this case
λq = (p − q)/
√
2(D − 2) and B = (D − 2)/4 > 0. The
condition for the stability becomes
2p2 + (q − 7)p+ q + 3 ≥ 0. (48)
It is easy to see that this holds for p ≥ 3. So we can
conclude that the adS vacuum is stable.
For general a, however, there are parameter windows
for the unstable solutions. This can easily be seen for
a ≃ (D − 2)/(D − 1). In this case λq ≫ 1 and
F1 ≃ p− 1
2
− D − 2
p− q − 2 . (49)
For example, for p− 2 = q+1, F1 ≃ −(3/2)q < 0. Thus,
this case is definitely unstable.
Let us summarize the present work. We considered the
effect of the dilation field on FR compactification with
a cosmological constant. As a result, Minkowski or de
Sitter background spacetimes cannot be realized, while
the only solution compatible with the dilaton field is adS
spacetime. We also addressed the latter’s stability. We
know that the adS spacetime obtained from FR compact-
ification in the non-dilatonic case is stable. On the other
hand, as expected, we find an unstable background solu-
tion if the dilaton coupling exists. For the string coupling
case(a = 1), the solution is stable at low energy.
We have considered several specific cases in the low-
energy limit (homogeneous perturbation). Hence it
should be noted that our stability analysis is not defini-
tive. Especially it is reported that instability does not
come from the homogeneous mode but inhomogeneous
modes in the non-dilatonic cases [3]. A more system-
atic study, possibly including non-linear stability analy-
sis, would be a valuable subject for future study.
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